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ABSTRACT 


In [6] Rabin defines Automata on Infinite Trees, and the body of 
that paper is concerned with proving two theorems about these automata. 

The result we consider in the first chapter says that there exists 
an effective procedure to determine, given an automaton on infinite 
trees, whether or not it accepts anything at all. We present a new 
decision procedure which is much simpler than Rabin's since we do not 
use an induction argument as he does. We show in Theorem 1, the 
main theorem of Chapter 1, that if 4 is an automaton on infinite 
trees, then T(@L) (the set accepted by Yt) is non-empty if and only 
if there exists a finite tree E and a run of Gt on E of a particular 
type. This latter condition is equivalent to saying that the set 
accepted by a particular automaton on finite trees is non-empty. 
Hence (see Theorem 2) the emptiness problem for automata on infinite 
trees can be reduced by Theorem 1 to the emptiness problem for automata 
on finite trees, which is shown decidable in [7]. Theorem 1 is proven 
by showing how maps on finite trees can generate maps on infinite trees 
which are then said to be finitely~generable. A corollary of the proof 
of Theorem 1 is that if an automaton on infinite trees accepts some 
input tree, then it accepts a finitely-generable one; this result 
was proved in a much more complicated way by Rabin in [5]. 

Chapter 2 is concerned with the more difficult result of [6] 
that for every automaton on infinite trees, /(, there exists another 
one,OU', such that ¢l' accepts precisely the complement of the set 
accepted by@t. Rabin's construction of @l' and the proof that it 
works is an involved induction. In this paper we present a fairly 
simple description of a complement machine Ct', given (1, such that it 
is very plausible that Yt' works in the sense that T(VC')=T(Cl). The 
proof that our construction works, however, is difficult and very 
similar in complexity to Rabin's proof in [6] that his (more difficult) 
construction works. 
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CHAPTER 1 
The Emptiness Problem 


Section 1: Introduction 


The analysis of finite automata on infinite trees is the basis for 
Rabin's remarkable proof of the decidability of $28 (the monadic second- 
order theory of two successors) [6]. Rabin's proof follows the now 
standard form of Buchi and Elgot's proof for WS1S (weak, single successo~) 
[1,3] and Thatcher-Wright's proof for weak $28 [7], and requires 
demonstrating effectively that the automata are closed under union, 
projection, and negation, and that the emptiness problem for the 
automata is decidable. As in the case of S1S, the main difficulty in 
the case of S2S lies in proving closure under complementation of sets 
accepted by nondeterministic automata on infinite trees. The problem 
is complicated by the fact that nondeterministic infinite tree automata 
are known not to be equivalent to any of the likely definitions of 
deterministic infinite tree automata. 

In [6] Rabin shows how, given an automaton on infinite trees, CT, 
one can construct another one, @t', such that gt' accepts exactly the 
complement of the set accepted by ot. His construction, however, is a 
very complicated induction. In Chapter 2, we present a fairly simple 
construction for @t'. 

Curiously, the emptiness problem, which is easy for the other kinds 
of automata, turns out to be nontrivial for (nondeterministic) infinite 
tree automata. Rabin subsequently improved his original proof of the 
decidability of this emptiness problem, but even the second proof [5] 


uses an involved induction and consequently does not yield a simple 
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effective criterion for deciding emptiness. 

In this chapter we provide such a criterion by showing that an 
infinite tree automaton accepts some valued tree if and only if there 
is a computation of the automaton containing a certain simple kind of 
finite subtree. Moreover, the set of finite subtrees of the kind we require 
is recognizable by a finite tree automaton, and in this way we reduce the 
emptiness problem for infinite tree automata directly to that for 
finite tree automata. This also yields a simple proof of another 


result of Rabin's about "regular" runs by automata (see below). 


Section 2: 


For this paper the appropriate way to visualize the infinite 
binary tree T is as follows. At the top is the root A. Every x€T 


has a left son x* 0 and a right son x*1. Hence T=(0,1}°. 


‘ 


We define a partial Sdeeind on T by xSy if y=x*z for some z€ (0,1}% 
If xy and x7y, then we will write x<y. 

For each xCT, define the (sub)tree with root x to be the set 
T.=(ylxsy}. Thus T=T). | 
Definition: A path T of . is a set Wits satisfying: 1) x€T7; 
2) if y€™, either yeO€T or y*lET but not both; 3) 7 is a minimal 


subset of Ty satisfying 1) and 2). 
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Notation: If x and y are members of T and xSy, then we denote by 
[x,y] the set {z|xSzSy}. | 
For a set B we denote the cardinality of B by c(B) and the set of 


subsets of B by P(B). 


Definition: A set BCT, is called a frontier of T,. if for every path 
a? we have c(7™B)=1. By Konig's Lemma, every frontier of Ty is 
finite. 

For x€T, a finite tree with root x is a set 
E=(2|xSzSy, for some y€B}, where B is a fixed frontier of TY. For 
E. as above, B is called the frontier of EY. and is denoted by Ft(E,). 


Unless otherwise noted, we will use E to denote a finite tree with root A. 


Definition: A 2+tree is a pair t=(v,T_) such that vit 92, A finite 
L~tree is a pair e=(v, EL) where ViE, 2, Unless otherwise noted, we 
‘' will use t.and e to denote th and en respectively. If t=(v,T) is a 
2=tree, then we use both (v,T,) and t_ to denote (v|t_,T,)- If t=(v,T), 


and E.. is a finite tree, then we use e,. and (v,E,) to denote (v[E JE). 


Definition: For a mapping 9:A7B, In(®)=(b€ B/c(07}(b)) 24} : 

Definition: Let 9:A%B and let (SLU > icten be a finite sequence 
of pairs of finite sets. We say 8 is of type Q, written @€[Q], if for 
some i, 1Si<n, we have In(@)NU,#¢ and In(8)/ L,=¢ . If Q is the 


empty sequence, then we define it never to be the case that 9 € [Q]. 


Definition:An f.a.t. (finite automaton on trees) is a system 
M%=<s,U,M, Sq» 2> where S is a finite set of states, 2 is a finite set, 


:SXL4P(S X es i initi =(< > i 
M:S P(S XS), 8) °S is the initial state, and Q=( L,.U; )i<i<n is a 
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finite sequence of pairs of finite sets. 
Te tat) is a d-tree, then an /t-run ont is any mapping 
r:T 7S such tuat: 1) r(x)=Sp and 
2) for all yCT, <r(y*0) ,r(y*l>€ M(r(y),vQ))- 
If a=W, FL) is a finite )+tree, then an (j-run ope. is any 


mapping riEy +S such that 1) r(x)=Sp and 
2) for all y€ Ect t(E) ‘ 
<r(y*0), r(y*l)> EM(r(y) v(y)). 


The set of all @¢-runs on ty (e,) will be denoted by Rn(¢@, t) 
( Rn(t,e,), respectively). An accepting ¢’L-run on ty is any rERn(Cl, ty) 
such that for every path TCTs r|t €fQ]. Define 


T@T)=f t,,| there exists an accepting (f-run cn ti}. T(’Z) is called 


the set accepted by Cv. 


Given an f.a.t. 70 =<S, 2%, M, Sos Q>, we wish to determine 
whether or not T@U)=%. Consider the automaton ot =<S,{a}, M, Sq) Q> 


where for all s€S, M(s,a)= UL. M(s,o). Clearly T(¢L)=¢ #T(Gd) 7%. 
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Thus, the emptiness problem is reduced to the case of automata 
over the single letter alphabet {a}. Henceforth in this section we 
restrict our attention to this case. Since there exists just one 
{a}-tree rooted at A, (v,T), and for every finite tree E just one finite 
{a} -tree, (v,E), we will omit mention of the valuation V and talk 


about #l-runs on T and E, @taccepting T, etc. Clearly, 


T(ODF*% @TETE@T). 


Theorem 1: Let Ol= <-8, {a}, M, s (CL, > U)y eG > be an f.a.t. 


0’ i< 
TOD #6 © for some finite tree E there exists an r such that 
1) r €Rn@,E), 
2) there exist mappings J: Ft(E) ~- E-Ft(") and H: Ft(E) + 
E-Ft(E) such that for all x € Ft(E) 
a) H(x) < J(x) <x, 
b) r(J(x)) = r(x), 
c) r({H(x), J(x)]) = r(lJtx), x]), 


Gy tee sone dy isa Sn ei, Se lea @ and r(x) € ae 


Before we prove Theorem 1, we show that Theorem 1 easily yields the 
following theorem. 


Theorem 2: The emptiness problem for f.a.t.'s is decidable. 
Proof of Theorem 2: Let Ol be as in the statement of Theorem 1. 


Definition: Let E be a tree (finite or infinite). Let r be an Ol-run 
on-E, Letom: Gon. Sinee-x€ (0,1) we can write x = Con ee Oe Define 


i a = . ert Ni oer ts }y 
a. , to be the following member of S : oe r(Q)er(c,)+r (0,95) nC) 


’ 
Notation: Let @ be a finite string and let n and m be positive integers, nm. 
Then by a(n) we will mean the nth element (from the left) of a By 
a([n,m]) we will mean the set of elements between aud including the nth 

. and the mth places of vy. Note that @(n) is only defined if 1= n=length(c) 


and w([n,m]) is only defined if 1S nSm* length(a). 


Definition: Let a€S. We say that a is Cood if there exist positive 
integers H and J such that H s J < N= length(@), a(J) = e(N), eC, J)) = 


a([J,N]), and there exists an i such that a(N) € U; 20d Ol. N I) ha. 


Note that good is defined with respect to our f.a.t. Cl. 


Lemma 1: The set of good strings is a regular set, i.e., it is 


recognizable by a finite state machine on finite input strings. 


Proof of Lemma 1: Obvious. O 


Tt 


Lemma 2: Let G be a regular set of finite strings on S. Let H = 
{E|E is a finite tree and there exists a run r on & such that for all 
x € Ft(E), aa € G Then H is recognizable by a finite automaton on 


> 


finite trees as defined in [7]. 
Proof of Lemma 2: Fairly obvious. Oo 


Completion of vroof of Theorem 2: By Theorem 1, Lemna 1, and Lemma 2, 
the emptiness problem for OU can be reduced to the emptiness problem 
for a particular finite automaton on finite trees. But by Theorem 7 in 


[7], this problem is decidable. 


Proof of * in Theorem 1: Let r be an accepting QGl-run on T. By the 
definition of accepting run and of good string, it is clear that for 


every path 7 of T there exists an x, x € 7, such that Oss is a good 
3 


string. Let B = (x] a is good and for all y < x, a isn't good}. 
r,X ; 
Then B is a frontier. f we let E be the finite tree with frontier B, 


then there exist mappings J and li which, together with r]/E, satisfy 


conditions 1 and 2 of Theorem 1. This completes the proof of =. 
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Proof of & in Theorem 1: Let E, rv, J and H be as specified in 1) and 
2) of Theorem 1. 
We define a mapping 7: T 7 E inductively as follows. Let N(4) =A. 


If t)(x) has been defined, then for go € {0,1}, define )(x*S) as follows. 
Case 1: lf 7(x) © E - Ft(E), then let n(x*O)= nN(x)°c. 
Case 2: Tf n(x) € Ft(E), then let n(xta)= J(n(x))°o. 


Definer: T+4S by r(x) = r(n(x)), for all x € T. Clearly by 2) 
b) of theorem 1, r € Rn(Q[, T) so that it suffices to show that for all 
paths 7 T, (r mT) € [2], because then T © TG) and hence TOT) # ¢. 

Let 17 © T be a specific path. Let Yor ¥y> Yor vee be the infinite 
subset of 7 (listed in increasing order under <) consisting of exactly 
those members of T whose images under 7 are in Ft(E). Define V_, to be 


the following infinite sequence of members of Ft(E) X Ft(E): 


aS < <7 \ rs 
V, = 0yq)> NYP s Sy), MPs Sy), Nlyg)*> 


For all i < we have by the definition of n, J(nty,)) = ns.) 


and r(f¥s5 Yuuq}) = FCII(MG,)), Nyy) 1). Hence, In(r | 9) = 


U r(fJtx), 2)). 


<x, 2> € In(V_) 
Clearly there exists a finite sequence (possibly with repetition) 


of members of Ft(E), x,, Xoo X x such that 


1 Le 
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x, = x and 
m 


1 


(I) In(V_) = (<x), %>) “Kgs Xr» <x 


> ene 
1’ 9° 3 3” es > 


< > e 
net? * mn } 


From now on we will denote J(%,) by J, and H(x, ) by Hy? for all 
lsisnm 


We have from the preceding paragraph 


for all lsi<m, J, <* 41 
(IT) m1 
and In(r |] nm) = U_ r( [J,, ¥y44J]) 
f=1 


(cr | 7) € [QM] is immediate from the third of the following three 


lemmas. 


Lemma 3: There exists an M, 1s Ms m, such that for alli, 1s i<n,- 


Hy, = H,- 


That is, Hy = min{H ag HJ: 


pee 
Proof: Our induction 
hypothesis at stage h is that there exists an integer M', 1 =< M' <h, 
such that for all i, 1< ish, Hy, S$ Hy. Clearly the basis case is 


trivial. We assume the induction hypothesis for h and prove it for h+1. 


13 


Haye < Hy ,» by the induction hypothesis. 
Hy = J » by 2, a) in Theorem 1. 
h 
< b oD) s 
fe ee ED 


- 


Hence, Hie < at! 


of The , ale : : ‘ “he “Ore and 
By 2) a) of Theorem 1 we also have Nat <4 Therefore, is 1c 


Wa are comparable (under <). Clearly for all i, 1 < i < h+tl, 


inf H \ <4 « 
mint t : nH oO 
If M # m, we can rename Mp2 Xys rees KX 80 that (1) and (11) remain 


true and ue = mint Hi,» -»+, H_}. Henceforth, without loss of generality 
ee i 


we assume that M = m. 


, H.1, then for all i, 1< i < (m-1), 


Lemma 4:. If H. = minfH,, ... 
ae mM SS Sere m 


r({l, x44) 2 rCih, x, )). 


Proof: Let i be any integer such that ls i<m H <H, © J, <x,,,, 
™m i i i+] 


hence we have the picture: 


eee i+l 
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Hence, r((H, % 44) 2 r({H H,)) U r([H,, J,]). By 2) c) of Theorem 1, 
r({H,> J,1) = r([J,, x, 1)- Hence, r({H X41) 2 r([J,> x J), and 


therefore, r({H Xa.) 2 r([H, x, ])- Oo 


Lemma 5: If a = min(H, » sity HJ» then for all i, 1 < i < (m-1), 
r({H» x1) 2 r({J,. x44): 
Proof: Let i be any integer such that 1 < i < (m-1l). 
By Lemma 4 r({H, x J) 2r([H» x, 4))> FC,» %,.4)) 2 TCH» x) 
‘ > : 
6s TCH» Xpyo)) 2 CH X47). Hence, r([H,, x1) 2 r((H, x44). 


We have H * H, < J; <x, That is the picture: 
m 


+1" 


2 
Hence, fH? X44! IJ. x, 


gai! Hence r({H xD 2 r(IJ55 x. 


isi): 


Completion of the Proof of Theorem 1: Without loss of generality we 
assume Ka = min(H, » tetas HD: By Lemma 5, 
m-1 
j) 2 
r((H_|» x1) Uo e(Id,s ¥ 44 )- 
i=l 
By part 2) d) of Theorem 1 we have for some'i, 1< i<n, r([J_> x 


lL, = ¢ and r(x) € U,- By part 2) c) of Theorem 1, r({H x) = 


r([J» xD: Hence, 


m1 

| ! = 

U r(iJ,; X41) I d, 
jel 

and 

tue 

ie : a : 
RSs yD M0, #6 


Therefore, by (11) (r | 7) © IQ). 


Section 3: Remarks 


In [6] Rabin uses the following definition. 


I 


Detinition: An f.a.t. with designated subsets is a system (%{ 


<S, ©, M, Sy? ¢ >, where S is a finite set of states, } is a finite 


set, M: SX¥™ 


+ P(S X S), and # © P(S) is the set of designated subsets. 


eo ce, 
An @(-run on t = (v,T) is as defined in Section 2. O( accepts t if 
there exicts an r © Rn(%,t) such that for all paths 7 © T, In(r wy CS, 


> 


The proof of Theorem 1 can be extended to show that r({H x) = 


m-1 
U 


r¢[Jo> ® 
j=l a 


ga D> where Hes Xoo ete. are as in the proof of Theorem 1. 


Hence for Ol= < Sy* bal M, Si? & >, where c(S) = q, we have: 
TO) # % @ for some finite tree Ff there exists an r such that 

1) r € Rn@ZE), 

2) there exist mappings J: Ft(E) ~ E-Fte(S) and i: Fe(E) » E-Ft(h) 
such that 
a) liCx) 5 J(*) <x, 
b> PG Gey). 8 Gey 
CY Glee) s: Cay Se OS): 


a) PCLT Ge! Ber oe FF: 
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The appropriate definition of a good stein with respect to OU 
is a simple modification of the definition of good string used in the proof 
of Theorem 2. For either definition of good string we can design a non- 
deterministic finite automaton on finite strings, , which recognizes 
the set of good strings and which has at most 2°74 (g+1) states. By the 
subset construction we can design a deterministic automaton M' equivalent 


2q 
a art) states. Using M' we can 


to ™ such that M has at most Q = 2 
easily construct a finite automaton on finite trees, O{', such that T(t’) 
#¢ if and only if TD # ¢ and such that the state set of Q(' is the 
cross product of the state sets of OT and mm. Hence GU has at most qQ 

states. We can determine whether T(QU’) # ¢ in (q g)? computational 
steps, 


Hence given a finite automaton Cl on infinite trees which has q 


states and uses either notion of acceptance, we can determine whether or 


3 
2q 
not TO) #6 in fe 2? (ae) ) computational steps. 


Remark 2: If we have a finite 2-tree (v,E), and a function J: Ft(E) 4 
E-Ft(E) such that for all x € Ft(E), v(J(x)) = v(x), then we can 
generate a unique )-tree (v,T) as in the proof of Theorem 1. Call any 


2-tree which can be generated in this way a finitely-generable D-tree. 
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Rabin in [5] defines a T-tree, (v,T), to be regular if and only 


Se 
< 


if for each o € 2, ¥ 6) is a regular subset of (0,1). It is easily 


shown that a Y-tree is finitely-generable if and only if it is regular. 


Remark 3: From Theorem 1 it is easily shown that if an f.a.t. accepts 
any b-tree, then it accepts a finitely-generable L-tree. Rabin shows 
this in [5]. in [2] Buchi and Landweber prove that if P(X,Y) is a 
finite-state condition and X has a winning strategy, then X has a winning 
finite-state strategy. Rabin has observed in [5] 

that the set of winning strategies for X corresponds in a natural way 

to a set of {0,1}-trees defined by a (deterministic) infinite tree 
automaton. Hence, it easily follows from Rabin's result in [5] or from 
the results in this paper that if X has a winning strategy then X has a 
winning finite-state strategy. 

We can also observe’ the following. If X does not have a winning 
strategy, then by our Theorem 1 we see that X does not have a "partial" 
strategy of a particular kind. From this one can show that Y has a 
winning strategy for P(X,Y), thus showing that P(X,Y) is determined. 


This is another result of [2]. 


18 
CHAPTER 2 


The Complementation Problem 
Section 1: Introduction 


Given an automaton @t on infinite L-trees, one defines a *-tree t 


to be accepted by @ if there exists an ct-run on t such that for all 
paths, the sequence of states on that path satisfies a particular 
property. One can similarly define t to be dually accepted by ot if 
for all UVl-runs on t, there exists a path satisfying for that run the 
particular property. The problem is to construct, for given &, an 
automaton @' such that for any valued tree t, t is accepted by ¢T' if 


and only if it is not accepted by ¢t. Since given 4, we can construct an 
automaton KH, such that the set of 2+trees not accepted by A, is 
precisely the set dually accepted by A, the complementation problem 
can be reworded to state that given &, we wish to construct an automaton 
gt' such that the set of valued trees dually accepted by “C is precisely 
the set accepted by ct'. 

That is, we want @t' to accept t if and only if for every (-run on 
t there is a path such that the sequence of states along it satisfies 
the property defined by @. The natural thing to look for in constructing 
“l' is an automaton which can explicitly pick out an appropriate path 
for each @¢t-run on t. That is, we would like every ¢t-run on t to 
specify a path for each @lt-run on t, and we would like there to be some 
condition on sequences of “! states which holds for all paths of the et'- 
run exactly when for Buick “-run, the sequence of et states along the 
path specified for that run satisfies the ¢{~property. 


A natural point of view is to think of starting out at A, and 


having our “t'-run choose, for each possible pair of /l-states which can 
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occur at the nodes 0 and 1 (in an @&-run on t), whether to continue the 


path by going left or by going right, and continuing in this way, at each 
node choosing for each possibility of @-run occurring immediately below 
it whether to go left or right. An «'-run cannot tell us in one step 
what path to choose for each “-run. But it can tell us each successive 
choice of left or right given each successive segment of the -run. 

A state of t' will be, essentially, a finite sequence of states of 
Ol, Each member of an ct’ state at a node will represent the last state 
in the initial segment of a path chosen for the initial segment of a 
particular @t-run. For each member of an mm’ state at a node the eU'-run 
must say how to continue the path for each pair of vt transitions 
possible (for t) beneath that node. It is therefore necessary that a 
state of ct’ actually be a sequence of ordered pairs whose first part is 
a state’ of “€ and whose second part is a set of backward pointers. Yes, 
I said a set of backward pointers rather than just one; this is because 
in reality an ordered pair appearing at a node in an M'=-run must 
represent the last state in the initial segments of (possibly) many paths 
chosen for the initial segments of (possibly) many ¢z-runs. That is 
because the sequences making up the set of states of ct' must be bounded 
in length in order for ct' to be a truly finite automaton. If we insure 
this bound by insisting that in every state of cx’ an o(-state can occur 
at most n times, then we formally denote ct' by Wy. 

The fact that everything accepted by TM is dually seen by cz will 
follow easily from the definition of Ne « The converse, that for 
sufficiently large n, if t is dually accepted by ¢t we can find an 
accepting run for it on™, , is far from obvious, and our induction 


proof basically parallels the one Rabin presents in [6]. The difference 
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between our proof and his can be viewed as being that we keep, at each 


stage of the induction, information which he discards, so that we arrive 
at the end with a specific, non-inductive description of the desired 


automaton. 


Section 2: Some Definitions, Theorems, and Proofs 


rrr et 


W ; 
Definition: If S is a set, denote by S the set of infinite sequences 


S,,. .. with the map 


of members of S. We identify the sequence s P 


0’ 


Q:W4S where a(i)=s,. 


Notation: If <x,y> is an ordered pair, let py (<, y>) =x and let 


Po (<x, y>)=y- Tf oa.,a is an infinite sequence of ordered pairs, 


es 
let p, (=the sequence P4(@)) »P4(4),- ar . Define P, (a) similarly. 
Note that this notation is consistent with thinking of an infinite 


sequence as a map from ™ to a set. 


Notation: If x€T and 7m is a path of Ty. and rT 7s, then denote by 


elm, the sequence r(xq) r(x,),- . . where T={x .} and Xi 4y 


aie a 
for all i€w. 


Definition: A Generalized Automaton on Trees (G.A.T.) is a system 


OL=<S ,21,M, 5, ,Q> where S, 2, M, s., are as in Chapter ] and Q is a subset 


0’ 
w) 
of S. If t is a -tree, let Rn(Gt,t ) be defined as in Chapter l. 
x 
Define T(Vl), the set accepted by Vt, by T(et)= 


ty There exists an reRn(1, t) such that for all paths 7c, (r|m),, EQ. 
(Call r an accepting run of % on t+) 
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Define D(vO, the set dually accepted by¢zt, by D(¢*%)= 


{| For all r€Rn(,t,), there exists a path TOT, such that (r{m)€Q.} 


We now define three types of Finite Automata on Trees. 

Definition: A pairs-automaton is a system A=<S UM, 8) ,0> where 
Q&(<L, 0, >) l<i<k is a finite sequence of ordered pairs of subsets of 
S, and S, 0, M, Sy are as above. Let ¢t' be the G.A.T. <S,2,M,8,_,Q> 
where Q={a€ Ss’ |a€ [Q]}. Define T(Zt) and D(@t) to be equal to Te’). 
and D(g@t') respectively. (Note that a pairs-automaton is the same 
thing that we meant by an f.a.t. in Chapter 1.) For such an C7, we say 
that Q is of order k and that C7 is of order k. If L =P s then we say 
that Q and Cl are of order k-empty. 

Definition: A sets-automaton is a system Ot =<S 24M, Sy > where #&P(S) 
(P(S) is the set of subsets of S.) and S, L, M, Sp» are as above. Let 
Cu" be the G.A.T. <S,D,M,5,,Q> where Q={a€ s*|mn(a) €F}. Define T(e) 
and D(C) to be equal to T(et') and D(Ct') respectively. (Note that a 
sets-automaton is the same thing that we meant by an automaton with 
designated subsets in the remarks of Chapter 1.) 

Definition: An automaton-automaton is a system 1=<S ,U,M,8),U> where 


S, 4, M, are as above and WU is a deterministic sequential automaton 


Sq» 
(as defined in [6]) whose inputs are members of ae Let ¢t' be the 
W 
G.A.T. <S,2,M, 8) ,Q> where Q=(wES lwE TM), the set accepted by& .} 


Define T(W@l) and D(@t) to be equal to T(@U) and D(ct') respectively. 


These three types of finite automata are all equivalent, in the sense 


of Facts 1 and ?. These facts are easily shown by Rabin in [6]. 
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Fact 1: Let © be a finite set and let W be a set of L-trees. Then 


there exists a pairs-automaton Cl, such that T(¢,)=W @ 


1 D> 


there exists a sets-automaton a, such that T(6T,)=W o 


there exists an automaton-automaton 2, such that T(O7,)=W. 


Fact 2: (same ws Fact 1 only with T(C% T(Ct,), T(CZ) replaced by 


) 
D(A,) D(A), D(C) respectively.) 


Now if ((=<S,2,M,s),%> is a sets-automaton, then by its definition 
we see that D( <S,2,M,8,,P(S)-¥ ) is exactly the complement (with 
respect to the set of 2-trees) of T(@t). This observation, together 
with Facts 1 and 2, imply that whichever definition of finite automaton 
on trees you choose, to solve the complementation problem it is sufficient 
to exhibit for every pairs-automaton OC, an automaton-automaton CZ' such 
that T(2Ut')=D(¢et). We shall do this. Now follows the main definition of 


this chapter. 


Notation: If n is a positive integer, let [n]={1,2,. . .,n}. 


Definition: Let 0l=< S, Z, M, Q > be a pairs-automaton. Let n be 


Sq> 
a positive integer. We will define an automaton-automaton 


WM. = < ia pe Mow <Sp> g>, Wn >. Let m=c(S). Then we define 


n 


(Every member of P([mn]) is to be thought of as a set of backward 


@ is 4 finite sequence of members of $XP({mn]) such that for each 


s€S, there are at most n values of i for which p (ai) )=s. 


pointers. Since each member of S can occur up to n times in a member of 


st 


n 
a? each member of S, can be as long as mn, hence the need for mn 


backward pointers. ) 
The starting state of mW, is <Sy> >, @ sequence of length 1. 


Let aes) and let a€X. Define 
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For all i, 1Sis<length(a), if \ 
| = 1 > then there exis 
<A 04> € u p,(a(i)) and if Up Uy €M(u,a), then there exists J 
Mi (a, a) =4 Ny gh a positive integer j such that either : 
Cia See ‘ 
I) Py (4 (5) )=Uy and i € py (%(4)) or 
II) p,(a,(j))=u, and i €p) (a, (j)). i 
a 


(Think of (i) as representing the value at some node x of a run of 


(t on (v,T). Tf p,(@(i))=u and <uy,uj>€M(u,v(x)), then each Wm -run 


0’ 
must tell us either to go left to an element whose first part is Ug OF 


right to an element whose first part is uy-) 


It remains to define Un » and we wil] do this by defining a set 
w 
QS (s.) and then arguing that there exists a deterministic sequential 
w 
automaton which accepts exactly Q. Firstly, if w€ (sn) ; Or Maa oi ’ 
define a thread of a to be an infinite sequence of integers, 
J=josjys- + + such that for all i€w, @. (55) is defined, and such that 
for all i€w, 3, © Py (Gay): Define the S-sequence associated 
with the thread J (for @) to be the sequence 
B=p,(0)(i9)) Py (0,4,))s - + + 80 that BEs. Define 
w 
Q=({a@E (Sy) | For every S=-sequence B associated with a thread of a, BE [Q].}. 
So we have that Q=(S,,) —Q= 
W 
{ae (So) | for some thread of a, the associated S-sequence is not of type []}. 
It is easy to see that there exists a nondeterministic sequential 
automaton, U P such that T(U,)=Q. But McNaughton [4] has shown 
that for every nondeterministic sequential automaton a one can 
construct a deterministic one, Uys such that T(YU,)=T(U)). But it is 


easy to see that given any such u there exists a deterministic sequential 


2 


automaton, cay which accepts precisely the complement of T(U,). So 
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let aD bee be such that T(U), )=Q . This finally completes the definition 


of M,. 


Notation: Very often, if R is a Me -run, we will want to refer to the 
Pa element of R(x) for some node x and some positive integer i. 50 
instead of writing (R(x))(i) we will write R(x,i). 
pies: . gee _ ‘ 
So if t=(v,T,) is a t-tree , RERNM, »t,) > yer, u=p,(R(y,i)), 
and <upsuy>€M(u,v(y)), then we require that there exist o€{0,1} and 


a positive integer j such that Py (R(y*o, j) =u, and i € py(R(y*,j))- 


Remark: Let OL be a L~pairs-automaton, and let n, and n, be positive 
int ith ns Then since § '¢9"2, and if <a,a>€S,1xE then 
integers with n,Sn,. en since S, SS,“, and i ,a oe 


n n n n n 
Mi (a,a) ©M,2(a,a), and T(K,4) S1(U,2), we have that ram,-) eTM,2). 


We now state the main theorem of this chapter. 


Theorem 3: Let C/( be a pairs-automaton of order k. Let 


k 
n= ie ee Then D(C1)=TM,). 


Half of Theorem 3 follows from Lemma 6. 


Lemma 6: Let ¢l=<S,2U,M, Q> be a pairs-automaton. Let n be a 


Sq» 
positive integer. Then D(C) 2rcmy, ). 

Proof of Lemma 6: Let t=(v,T) be a L-tree such that reTaN, ). (Since it 
is clear that for any of the tree automata we have defined, (mT) is 
accepted (dually accepted) if and only if (vg>T) is accepted (dually 
accepted) where vA Cy) =uoety) for y€T, to prove Lemma 6 it is sufficient 


to show that t€D(7l). ) 
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o 4 a) 
Let R be an accepting run of aa ont, that is, RERnG@L, ,t) and 


for all paths TCT, (Rim), ETC, ). Let r€Rn(Ol,t). We wish to find 
a path TCT such that (r|m € {Q]. To do this, we define by induction 
a function £:W9T such that £(0)=A and f(itl)=either f(i):0 or f(i)+l1, 
and r£€[Q]. Then we merely let m=(£(0),f(1),. - -}- 

Simultaneously with f we define a function g:W [mn] where m=c(S). 
(The idea is that the jth element of eee path we construct will correspond 
to R(f(i),g(i)).) As an induction hypothesis at stage i we assume: 
r(£(i))=p,(R(£(i) ,8(4))) and (for i>0) g(i-l) €p,(R(£(i),8(i))). 

Define £(0)=A and g(0)=1. Clearly the induction hypothesis holds 
so far. Assume that f(i) and g(i) have been defined and that the 
induction hypothesis is true for i. We will define f and g at i+l. 

Let x=f(i). Then r(x)=p,(R(x,g(i))). Let Up=r (x*0) and uy=r (x* 1). 
Then <Up sty > EM(r(x),v(x)). By the definition of Toerun we have 

that there is a positive integer j and a o€{0,1} such that 
U5=P1(R(x*O,j)) and g(i) €p,(R(x*0,j)). Define f(itl)=x-o and g(itl)=j. 
Clearly the induction hypothesis holds at i+. 

Let T=(f£(0),f£(1),. . .}. is a path of T so, since R is accepting, 
(RIT), ETCUD- By the hypothesis we have carried through the definition 
of f and g, we see that the sequence g(0),g(1),... is a thread of 
(R|n),, and that (r|m) = 
Py (RC(£(0) ,8(0))), py(RCECL) ,8(1))), py(R(E(2),8(2))),- 6 OF 
the S-sequence associated with that thread. By the definition of 25 ase 


we see that (r|m€ [Q]}. 


CO 


The other half of Theorem 3, namely that for Ol and n as in Theorem 3 


D(OT) eTem js follows trivially, by induction, from the next three Theorems. 
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Theorem 4: Let @C be a pairs~automaton of order 0 (that is, the sequence 


‘ 1 
of pairs is empty). Then D(Ot) ©TCNy). 


Theorem 5: Let k be a nonnegative integer and let n be a positive integer 
such that for every pairs-automaton ay of order k, D(dr) ©T( me). Then 


for every pairs-automaton CT of order k+l-empty, D(Ct) STC my, 


Theorem 6: Let k and n be positive integers such that for every pairs~ 
automaton £ of order k-empty, D(&) oT( My ). Then for every pairs- 


k 
automaton @C of order k, D(¢t) erm ). 


Before we prove Theorem 4, we need the following definition. 


Definition: Let Ol=<8S,2,M,s,,Q> be a pairs-automaton. Let s€S. 


0’ 
Then define 1, to be the pairs~automaton A= <8, 2,M,s ,Q>. That 
is, is the same as Cl except that the initial state is changed to 


Ss. 


Proof of Theorem 4: 

Let Vl=<S, 2, M, Sq? Q> be a pairs-automaton with Q=the empty sequence 
and c(S)=m. Let t=(v,T) be a 2+tree such that t€D(CD. We wish to 
show that reT(my, (Recall that no map is of type Q.) 

Since t€D(Ou), there are no Yl-runs on t, that is, 
Rn(Z1,t)=6. For na nonnegative integer and for x€T such that 
length(x) <n, define the finite tree Ev=(y €T, | Length(y)sn} : Define 
e,=(v,E.). By an application of Kénig's Lemma we see that for some n, 
Rn(l,e,)=¢ . Let N be such a number, tha is, Rn( en=¢ . 


Define a map R:t+s! as follows: R(A)=<s., $ >3 for x EER, 


0’ 


let R(x)=<s,,[m]>, <sy,{m]>,.-., <s,+{m]> where s is 


pSorrr Sy 


some enumeration of the set {s es|Rn(0l, c= 9); for x such that 


27 
length(x) >N, let R(x)=the empty sequence. 


Clearly if 17 is a path of T, (RIT) has no threads. Hence, if 
R is a run of mt on t, it is an accepting run. So let xE€E, and let 
s=p,( R(x,i)) for some i. Then Rn(Ot, ,e0)= 9 . Let <uy,u, > €M(s,v(x)). 
Then for some o€ {0,1}, Rn, sey .g)=# . So there exists a j such 
that U=P, (R(x*o, j)) and i € py (R(xo,j))- So Ris a runont. So 


reTcm,). 


Theorens 5 and 6 will be proved in the next two sections. To 
this end, we make some more definitions. 


Definition: Let 7L=<S, D,M,s,,Q> be a pairs-automaton. Denote by 


0? 


; Ol the &x P(S) automaton <S, LX P(S), M, s,, 2> where M is defined 


0’ 

as follows. Let s,¢ S, a€d, S558. Define 

em ; M(s,,a) if s,€¢S 

M(s,,<a,s>)=5 |  . 
. gif 8,5) 

Definition: Let t=(v,T,) be a 2+tree, let S be a set, and let H 

be a subset of TXS. Then define tH to be the 2x P(S)-tree (2). 


where V(y)=<v(y),{s€8|<y,s>€H]}> for yet. 


Intuitive Remarks: Let Gl=<S,2,M,s,,Q> be a pairs-automaton. Let 


0? 
t=(v,T) be a L-tree. Let HETXS. 
Every run of Gt on tH is also a run of GU on t, but there might 
be fewer of the former since Rn@1,tH) is precisely those members, r, 
of Rn(@l,t) which don't 'run into" a member of H, that is, r€Rn(dt, tH) 
if and only if <y,r(y)>¢H for all y€T. Say that t€D@L). Then 
tHE D(ét). If our goal is to show that ceT(MA ), it might be easier 


to show first that tHE T( ME) since Rn(@l ,tH) might in some sense be 


a simpler set that Rn(CUl,t). 
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Consider what a run of Te, on tH looks like. It starts out the 


n 
same as a run of Wy on t, that is it's a map R:T7*S,, such that 
R(A)=<s5, @ >, and it continues like a run of mM on t except that 
certain threads are allowed to die at members of H. For example, 


say that for some x and i, p (R(x, i) )=u and <u uy > € M(u, v(x) ) : 


0? 
If R were a run of ba on t, we would require there to exist a j 
such that for some o€ {0,1}, U=P, (R(x*o, j)) and i€ Po(R(x*o,j)). 
Since R is only a me -run on tH, we require this condition only if 
<x,s>¢H. Hence, for a path TCT, (R|m),, may have fewer threads 
than if R€Rn( my, t) and therefore,as already claimed, it might he 
easier to find an accepting run of pi on tH than of a. ont. 

How do these observations lead us towards constructing an 
accepting mm, “run on t? Maybe we can find a set Hy = Tx § such that 


we can show tHy € T( Dh). Let R, be an accepting run of a on tH. 


0 
R, is partly an accepting run of 1 on t, except that if <x,s>C€H 


0 
and Pp, (R(x, i) )=s, then R, doesn't continue properly for the yh 


0 


0 


element of Ro (x). But, maybe we can find a set Hey s> such that we 


can show that t Bee aoe (05. ), that is, there exists an accepting 


Then we can use Re to continue 


run R of M ont H A 
<x, s> “Ls x <x,s> X,S> 


threads of R, which had died. But for <x',s'>€H we need a 
0 <x, s> 


set Hog tig! etc. For the sake of uniformity we will refer to 


> > 


Ho as McA, sy>" 


It is important to understand what R € Rn( Mt H 


<x, s> x <x, s>? 


means. Re, s> differs from a member of Rn( me tHe, >) only by 


starting at x instead of A and by starting with <s, ¢ > rather than 


<s.,% >. Assume now that we have a sot HETXS such that <A, 89> €H 
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and such that for every <x,s>€H we have a subset of H, He, =>? 
> 


with He gx ME -{x}) XS. Assume furthermore that for every <x,s>CH 


we have an accepting run Reg, g> © Rnc Wig tHe, gd) What we would 


like to do is "put together" the runs R to form an accepting 
< 
> 


s> 
run R of Tt on t, as in the above paragraph. 

So for every x and every i, 1sislength(R(x)), R(x,i) will 
be associated with some <y,u>€H and some integer j such that 
y <x and Py (R(x, 2) )=pyRay p(s 5))- We use this association to 
determine which elements of R(x*O0)and R(xe1) should point backwards 
to R(x,i). 

The problem that remains is how to decide what members of H the 
elements of R{x*0) and R(x*1) should be associated with. These - 
decisions will be made so that R has the property that for any 
path tT CT and any thread of (RIT), if the members of that thread 
are altogether associated with only a finite number of members of H, 


then that thread eventually has the same S-sequence as a thread of 


Rey wl™ 


wy (for some <y,u>€H), which by hypothesis is of type Q. 
The decisions must also be made in such a way that for any path 
wCT and for any thread of (R|"),» if the members of that thread 

are associated with infinitely many members of H then the S-sequence 
of that thread is of type Q. 


To prove both Theorems 5 and 6 we will find H, {H d 


<x, s>)? an 


{R a as above. However the way they are obtained and the way 
> 


<x 
the decisions referred to above are made will be different in 


the two proofs. 


: n : . : 
In order to combine Ttj-runs it will be convient to have a notion 
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of such a run being well-formed. 


Definition: Let (t=<S§,2,M,s_,Q> be a pairs-automaton, with 


0” 
S=(Sp»S4>- . 9S ye that is, we have imposed an ordering on S. Let 

ty be a Y+tree. Let n be a positive integer and let R€Rn( an t,). 

Then we say that R is Well~formed (with respect to the ordering on S, 
although this will usually not be explicitly stated in the future) if for 
all y>x, length(R(y))=mn, and if for all i, O<ism-1, ard all j, 
lsjs<n, it is the case that p,(R(y,nitj))=s,- That is, R(y), for 

y>x, is of the form: 


y y y y y y 
< < Ss ES > 
Soe"051 ? 08 0.8 22 ot On > tak Poo ea ee ee mee 


where each AY .&[mn]. 
1,3 


Lemma 7: Let Cl=<S,%,M,s,,Q> be a pairs-automaton where 


0’ 
S={85,84)- + +98 4}- Let t,=(v,T,) be a Xetree, Let n be a positive 
integer. Let R be an accepting run of De on th: Then there exists an 


accepting run, R', of wy on ty which is well-formed. 


Proof of Lemma 7: The proof of Lemma 7 is actually quite easy in 
concept, but we shall do it in detail anyway. 

Let sty and R be as in the lemma statement. Choose 
f:(<x,1>)}U ((T ~{x}) X [mn]) * [mn] such that 

a) if Osism-1 and 18$j<n, and if eel and £(y,ni+j) and 
R(y, f(y,ni+j)) are defined, then P1(R(y, f(y, nitj)))=s, and 

b) for every yé Ty and every 4, 1<2<length(R(y)), there exists 


£" such that f(y,4£')=2. 


Define R' as follows. Let R' (x)= <sp, @>. For z€ Ty, , € (0,1), and 
y=z*o, let R'(y) be the string of length mn such that for 0Sism-1 


and 15 j<n and q=ni+j, we have 
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c) p,(R'(y,q))=s, and 


d) if f(y,q) >length(R(y)), then Po (R' (y,q))= 
{£€[mn]|£(z,4) is defined and £(z,£) >length(R(z))} 


e) if f(y,q) <length(R(y)), then p,(R'(y,4)){£€ [mn]|£(z,4) is 
defined, and either f(z,4)>length(R(z)) or f(z, 2) € py (RCy, f(y,4)))} 


R' is well-formed. To show that R!' € Rn( Mr, t) let 2eT,, 

let £ be such that R'(z,%) is defined, let u=p, (R'(z, 4)) and let 
<ug,uy> EM(u,v(z)). If £(z,2) >length(R(z)) then by c), d), and e)we see 
that for o€ {0,1} and some q, Pp, (R(z*o,q) =u, and £€ po (R(z*0,q)). 
If £(z,2) <length(R(z)), then by a) and c), py (R(z, f(z, 4)) =u. So for 
some ¢€{0,1} and some q , p1(R(z*0,q )) =u, and f(z, 24) E py (R(z°0,q: ee 
By b), there exists q' such that f(z*o,q')=q. By a) and c) 
Py (R! (z*0,q') )=py(R(2°0,q) =u. Also, since f(z, %£) € po (R(z*o, £(z°0,q'))), 
we have by e) that LE p,(R'(z*0,q')). So R' ERn( Yt). 

It remains to show that R! is accepting. So let TCT, be a path, 
for i€w, Let ah, 445. . « be a thread 
of(R'|m),. Note that £(X9,45)=£(x,1)=1 so that £(x9,£9) < length(R(xp)). 


T=(Xqs%qo° - -} where Kp SK ay 


Now let i€W be such that £(x,.2,) S length(R(x,)). So, since 

ge *aaD)? wehave by d) and e) above that 
L 

E(x, 41? i4D < length(R(x, ,4)) and £(x,,£,) € Po(R(X, 445 E(x yy 4gap)) ‘ 


he € Po (R! (x 
i 
So by induction we see that the infinite sequence 
B=£ (x94). f(x, ,44)>- - . is a thread of (RIT). But by a) and c), 
the S-sequence associated with 2 for (R'|7),, is the same as that 
associated with £8 for (RIT). and this is of type © since R is 


accepting. a 
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Section 3: Proof of Theorem 5 


——S— a ee 


Let k be a nonnegative integer and let n be a positive integer 
n 
such that for every pairs-automaton 4% of order k, Dee )ST( My). Let 


ol =<S,0,M,s,,Q> be a pairs-automaton where Q=( <L,,U, > ) ei teh? 


0? 


» and S={s Let t=(v,T) be a fixed L-tree 


Lea? 0751?" ° +sS4)- 


such that t€D(¢l). We wish to show , eventually, that £€T(M,). 
Detine a set HOTXS by H=f{ <A,s)>) U{ <x,s>|t, €D(0,) and s€ Ua) . 


For <x,s>€H, define Hy o={ <y,u>CHly>x}. Let 


Lemma 8: For every <x,s>€H and for every rE€Rn(@ .,t), either 


I) there exists a path TCT, such that r|mé [Qr] or 


< ‘ 
II) there exists y>x such that <y,r(y) > CH s> 


Proof of Lemma 8: Assume otherwise. Let <x,s>€H and let 
r€Rn(OC,,t,) be such that for all paths TCT, r|1¢[Q'], and such 
that for all y>x, <y,r(y) >¢H. 
Definition: If YCT, is a set of (pairwise) incomparable nodes (under <) 
define T’=(z€ 1, | for all yey, zFAy}=T- ld (T-Cy})- 

We will now define r' ERn(CL_, t) such that for all paths mCT 
r'|[n¢ [Q], contradicting the fact that t ED). Let 


Y=(y €T |y>x, r(y) €U and for ali z, x<z<y, r(z) ¢U 


k+1? et) : 


Clearly the members of Y are incomparable. If 2€T, define r'(z)=r(z). 
Now let y€Y, r(y)=u. Since ueU sy and <y,u>¢H ,» it must be 

the case that ty € D(a). So let ry €Rn(H,,.t,) be such that for all 

paths eT rin ¢ {[Q]. For all y€Y and all ae define Ree Eke) 3 


Clearly r' is a run of A, on t,. Let wOT be a path. 


Case 1: TN Y=¢9 
Then c'ier|t so r' la ¢ fQ'). But r'(1-{:x})=r(-(x}) must not 


intersect U So r! In ¢ [GQ]. 


k+1° 
Case 2: mM y#¢ 
Let {yJ=rO Y. Let Ten T.. Then r'[s =Y [a1 180 
y y yy ¥ 
a ee: [Q]. so r'|r¢[Q}. 


Contradiction. 


Now define the pairs ~automaton eee Sd Tt, Sys Q'>, What Lena 


+ gh ai Toa , Aas 

8 says is that for <x,s>C€lH, Plage eS PL 3° But & 5 is of ordex 
, is Pa ea - cope sel Be Lay. 

k. So by the hypothesis, for <x,s>€H, i ae es T( pane So for 
5 > let i pie t put 
<x,s>€il, let R ge be an accepting run of = oe on t ee ut 


Q' is a subsequence of ©, so each RU e is also an accepting run of 
<x, S 


n 
Me ont H 
Ss x< 


at x,s>" 


Without loss of generality (by Lemma 7) assume that for <x,s>CH, 

7 1 = m We we 

Res is a well-formed accepting run of ee on Clee es Wwe want 
n : fs 

to construct a well-formed accepting run, R, of Jt, on t. R(A) will 
equal <Q 20> and for x>A, R(x) will be of length mn. Simultaneously 
with R we will construct a function f which is defined at a node x and 
integer £ if l<<length(R(x)). If defined, f(x,2) will be a member 
of H, say for example <y,u> . The interpretation is that we think 

th : : ; 
of the &£ element of R(x) being continued like some element of 


x). Lik i nt? Wel i 7 then R (x) 3 
Res ) Like which element? Well, if y=x, then Bee has only 


one element, namely, <u,@>, and we better make sure that py (Rix, eu. 
Otherwise, that is if y>x, we associate R(x,4) with Ra pe Oe)» which 
2 ie 


we can do since by the definition of well-formed both elements have the 
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same first part. To speak of the two cases uniformly we define a 


function g such that we always Lhink of associating R(x, 2) with 


Rete gy 84). We also have to make sure that R gives us 


“£(x, £) 
acceptable directions on how to continue the gh element of R(x), and 


therefore carry along various induction hypotheses in the definition of 


R and f. To define f, we will need a well-ordering on H. 


We now begin more formally. Let < be a fixed well-ordering on 
TXS; clearly < induces a ere ond. Denote by ~ the usual 
strict well~ordering determined by <. 

We now define R:T4S, and f:{<A, >}U((T+{A}) X [mn]) 9H. We will 


define them by induction, and at every stage the following will be true: 


If R(x) is defined and 1<£<length(R(x)), then f(x,£) is defined; 
if f(x,4)=<y,u> and Pp, (R(x,2))=s, then 

a) ySx = and 

b) if y=x then u=s = and 


< 
c) 58 Ele es ; 


Let R(A)=<s),0> - Let £(A,1)=<A,s)> . Clearly the above 
hypothesis holds so far. 
Assume now that R(x) and f have been defined so that the above 
hypothesis holds. For 4, 1s £Slength(R(x)), define 
Lif p, (f(x, £))=x« 
g(x, £)= 
& if py(£(x,4)) Ax 
Let ©€ (0,1). Define R(x*c) to be of length mn such that for 
q 


1S q<mn, Py (R(x, 4) )=s, where i= the greatest integer less that ae 


and such that 
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Po (R(x*o,q))=( 4] £(x, 4) is defined and g(x,2) €py(Rery gy (**004)))- 


We now define f. Let s=p,(R(x°0,q)). If <x*o,s>C€H let 
f(x'o,q)=<x*o,s>. Clearly this preserves the induction hypothesis. 


If <x*o,s>¢H, let £(x*o,q)=minimunf{ f(x, £) |4€ py (R(x*e,4))} . Clearly 


under < 


a) and b) are preserved for x*o, and since <x*o,s>¢H, c) is true 
at x°o. 
It remains to show that R € Rn( Mr, t), and that R is accepting. 
Let x,4,8,U9,Uy, be such that R(x,2) is defined, p, (R(x, 4) )=s, and 
<up,vyr*e M(s,v(x)). Either by b) or by the fact that R and Rex, 4) 
are well-formed (depending on whether or not py (£(x, £))=x) we can 
conc lude that Py Reve a) (x,¢(x,£)))=s. Now recall that if f(x,l)=<y,u>, 


then R (by c) ) 


is a run of OF on t_H Since <x,s>@Ho 


f(x, 2) y <y,w’ 


we know that there exists 0€{0,1} and q such that Pi Rec 2) (x"0,q)) =u, 
and (x, £) € Po Ree 2) (x*0,q)). Since R and Rex, £) are well-formed, 
Pp, (RCwo,q) =u. And by the definition of R, LE pa (R(x°o,q)). So 
RERn( My, t). 

To show that R is accepting, let TCT be a path, T=(Xp»Xqs° - of 
where x, SXy41 for i€, and let aL, 445. . . be a thread of (R|T) 


Case 1: For infinitely many i, x, =p, (f(x, ,4,))- 


—— 


By b), Py (R(x, »4,))=po (F(x, .4,)) for infinitely many i. But by 
the definition of H, this implies that Py (R(x, 25) CU for infinitely 


many i, and hence, that the S-sequence associated with a is of type 2 


Case 2: x, =P (E(x; 45)) for only finitely many i. 
So for sufficiently large j, X17 Py EC a Pay) By the 


definition of f, we have that for sufficiently large j 


KC A eg SECr 524). Since < well-orders ll, there exists an i 


*i41? 


36 
euch that if j2i, E(x, »#,)=£(x,.45)- Let <y,u>=£(x,,4,). Then 
ysx,. By definition of R we have that if j>i, 

That is, B=L yeti oe: . . is a thread of 
Since R and R 
<y 


“a S PoRey war A p41) : 


y=R are well-formed, 


Ky ue M41 Rey uM p42) 0 ,u> 


‘os 4 2 2 2 4 5 : ‘ 2 t 
the S-sequence associated with 8 for R(X 4)5 R(x, 15) is the 
same as the S-sequence associated with B for y. so it is sufficient 
to show that this S-sequence is of type 0. 
Let aL We know that the S-sequence associated with a thread 
T 
of Be elu 


element of Rey ue ar) can be traced back to the first and only 


is of type 02. We want to be able to say that the Xe at 


element of Ra, uly)» that is, that there exists a finite string of 
v7 3 


numbers 8' such that §"8 is a thread of ( Let Z*O=X, 


Rey wl Tur +1 
where z€Ty and c€{0,]l}. Since £(x, 124, )=<yu> , there must 

exist aq such that f£(z,q)=<y,u>and qd € py (ROX, 42 4544))- So 

B(2.9)€P Re septa): If z=y we are done. Otherwise, g(2,q)=q, 


so we have that q*B is a thread of K 2 (z) *y and £(z,q)=<y,u. 


y,u> 
Continuing in this way we see that there exists $' such that B'*B is 


a thread of ss ss IM: So R is accepting. ry 


Section 4: Proof of Theorem 6 


Definition: Let 8:A+B, let Q=(<L,,U) > )icvcy be a sequence of pairs 
of subsets of B. Then we say 9 is of type Q-empty, written 9 € [Q,e], 


if @€[Q] and for some i, 1<i<k, ®(A)NL,=¢ (where 6(A)=(8(a)|a€A}). 


The point of the definitbn will be that the property of a sequence 
being of type Q-empty is basically simpler than the property of being 


of type Q. In particular, if Q is of order k we can "recognize" if a 
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sequence is of type Q-empty with an Q' of order k-empty. This is 


made more precise in Lemma 9. 


Now let k and n be positive integers such that if & is a pairs- 
automaton of order k-empty, then D(.f) er( my). Let 
el=<S,2, M, So: Q> be a pairs-automaton where S=(Sq.8qs+ + 984) 

=({(< > - . 2 Cc , ; 
and Q=( LU; dasise’ Let t=(v,T) eg a 2»tree such that t €D(/t) 
Eventually we will show that t Ercan? ). 

Below, we will define a pairs~automaton of order k-empty whose 
state set is SX P([k]). To this end, 

be SB Ste wW ; Q i) 

Definition: If w€s , OU) Wyse + , define aw €(SXP({k})) by 


>< > se = 5 € 
N,>, <u,,N where N,=? and N, 1 nN, UCilu, L,} for all 


2 
aN a es 


icw, 

Notation: If Nis a finite set of positive integers and j is a positive 
integer, let N(}) be the ha smallest member of N (if c(N) 24; otherwise 
N(j) is undefined) . That is, N(j) is y(j) where y is the finite sequence 
obtained by listing N in increasing order. 


Sk eiece . e Qla(<tt 1 > <j - 
Definition: Let ( Li »U; isisk where for 1S5isk-1 we let 


Ul ={ <u,N> €Sx P([k]) |isc(N) Sk-1 and u€U and 


nci) 


Li ={ <u,N> ES xX P([k]) ]isc(N) sk-1 and u€L define 


nay)? 
UL ={<u,N>€ES X P([k]) | for some j, lsjsk, Bey, and 4 ¢N (so ¢c(N) <k) } 


and Lae - Note that Q' is of order k-empty. 


Lemma 9: Let a€S°. Then w€ [Qe] ede fQ'y. 


x cake. 
Proof of Lemma 9: Let AUgsUyss + + 3; let w=<u No? > <u N)>,.-. 


Q? 
Let N={j, 1S jsk | for some i€wu, uy gh Then by the definition of 
Q Q 

@ , we have In(a )={ <u,n>|[ué In(o)}. 


*: Let w€[Q,e]. Then c(N) <k. Let j be such that In(a)fN Ure 


38 d ; 
and In(a)N md . If 7 ¢N, then ute jf Ure so - E€fQ']. IF JEN, 


Q 
there exists q such that N(q)=j. Then In@”) Nu! #9 and In(@ )N ae 
Q 
So@ €[Q']. 
Q Q sure’, of 
: Let aw €[Q']. If In(e Nu FO, then there exists j such 
that In@) Nu, #6 and j¢N. So w€[Q,e]. If there exists q, 1<q<k-~1 
Q 
such that In(a )N ure and Into) n Lae ,» then In(a)N UNCa) #6 and 


In(@)NL @. Since c(N) <k, we have w€ [Q,e]. 


N(q) om 


Definition: Define the pairs-automaton 
f=<S x P([k]), D, M', <sy0>, Q'> where for s€S, NS&[k], a€2, 


M'(<s,N>,a)={ <<u),N'>,<u,,N'>>|<up,u,> €M(s,a) and N'=NU(j|s€L,}}. 


1 
Fact 3For x€T, s€S, if r is a run of dre, go> on tie then pyr + a 
run of WL. on tL and if neT is a path, then by Lemma 9, 


r|m€[O'] @ pyr|me [9,e]. 


(Recall that t€D@t). ) 
It. would be nice if t€D(&). For then, since & is of order 


k-empty, we would have that te T( Me ) and an accepting run of ote on 
ok 
t would clearly yield an accepting run of be ont. It is not however 
necessarily true that t€D(4). But what if we had a set 
S z=)? 
* et ag> TX (SX P([k])) such that tH cng > CH) a 
With this approach in mind we define a (possibly trans-finite) 
§ 
sequence of pairwise disjoint subsets of TxS, {H 18 <y} for some 


ordinal y, as follows: 


Let no= ¢ . Assume that he has been defined for 6<8. Define 


( for all re€Rn(@T_,t,), either’ 

6 
nw? = <x,s>|there exists a path TCT such that r[m€ [Qe] or “258 ; 
a there exists y>x such that <y,r(y) > € 8. 


Let y be the least ordinal >0 such that W%=¢, Let H= UH 
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Lemma 10: <A,s.>CH. 


Proof of Lemma 10: Assume that <A,s > €Hu. We will construct by 
induction a rur r of @l on t such that for all paths TCT, r[r¢{Q], 
contradicting the fact that t€D(wt). 

As in the proof of Lemma 8, if YCT is a set of pairwise) 


incomparable points, define Tr={ 26 t| for-eil-y 6 Y,-27 9) 


Stage 0: Let Yo=fA} and define r(A)=sp. Clearly Y) is a set of 


incomparable nodes and for y€Yp, <y,r(y) > GH. 


Sbaze itl: Assume that Y,CT is a set of incomparable nodes and that 
r has been defined on gyi such that if y &Y 5 then <y,r(y) >¢ H. 
Let y€y,, r(y)=u. Since <y,u>¢H, there exists 
ry €Rn(41,,t,) such that for all paths mCT,, ry|T¢ [Q,¢€] and such that 
for x>y, <x45 (x) >€H. Let 
I) x>y 


Gg bx II) for all j, 1S jsk, there exists z, ysz<x, such that 
y 
r (Zz) €L, 
y$ ) J 
III) x is a minimal (under <) node satisfying I) and II) J 


Clearly ee is a set of incomparable points. 


Let Y UG. Clearly Youd is a set of incomparable points 


i+] yZy, y 
1 
and TYit+l 2 
Yi 


Y; Yi : 
ti. Let zer ttl. g . There exists a unique yey, such that y <a. 


Define H(2) ot 2): So if xEY wp <x,r(x) >@H. 


This completes the definition of r. Since for all i, every 
member of XY, is of length at least i, r is defined on all of T. 


Clearly r is a run of Ol ont. Let TCT be a path. Let Y= WU Y,- 
: ite 
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Case 1: c(i Y)=w. 


Then if i€W there cxists vs ey, such that ves and 


fae Ss ie oie . So for every i€ and every j, 1S jsk, we have 
ry Vy VOL, 44. So for every j, l<jsk, tar [nT #%. So 
r|r¢ [2] 


Case 2: TN Y is finite. 


Let y= waximum(TMY). Let T="NT.. Then r|[m =r [7 . Also, it 
under <= y y yy OY 
must. be the case that for some j, Lsj<k, r_(T7_JNL,=4. But Ey was 


yey J 
chosen so that r_|t ¢[Q,e]. Sor [7 ¢[Q]. Sorin ¢[Q}. 
yo Sy y Y 


Contradiction. im) 


- 40 ar ; 
Definition: For 6< 7, and <x,s>¢H , define Is =U HP. Jet 


Ha: <u,N>>€TX (SXP([k])) | Se acs ee 


S 


By the definition of H, <x,s>CH implies that for all 
r€Rn(l.,t,) either there exists a path TCT such that r[Té [2,e], 


or there exists y>x such that <y,r(y)> Cle Therefore, by Fact 3, 


53>" 


we know that if <x,s> €H then d EDC .). By the 
3 Hy, Lo eg Dare. go) BY 
> n 
hypothesis of Theorem 6 aT me 
yp , DEE <x gs) <TC ee 
Th al 
So let R! be an accepting run of Te on t y for <x,s-CH. 
<x,s> Pp o cs <s ,¢> ts s> 3 S 


We would like RE a to have the following property: Yor all y€Ts 


> 


GE{O, 5 2,-¢5 4£ Su,5Ny > =py(R ) and 


£) 

ees / 

é — 3t ey 26 QR? . -he 
UygaNo rh] Ba gS OG) ane Ee Dy Re rea) y- FRED 


0 


Ny=N,U (ilu C2.) . If this property does not hold we could remove # 


from Py RE go ¥"F99)) and what we'd have left would stili be an 
<K,S> 
. re ; 7 
arcepting run of Te ont jt. _. So for <x,s>€l, assume 
is ads ; A> x xX 7 Ss 


without loss of generality that RL has this property. 


X,S? 


k 
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n2 as follows: if y€T,, 


For <x,s>€H, define R T Suc 


<x,s> 


let Rey) be the same length as Re sols if 1<i = Tengen R7 pgs) s 
define Pao go (et =Py Re, go (Vt) and define Py Re, golyet))= 


: n2 
Py (Py (Re, go lyst)))- So Reg g> © Rn Ue, tHe g> Let TCT, be a 


path; let B be a thread of (R and let & be the S=sequence 


Sexes 1S 
. . ~ r : t iT 
associated with 86 for Bee gels: Then 8 is a thread of Re gsl! digs 
lo 2 2 1 . n 
and the S-sequence associated with B for Rig gol™c, is, by the above 
property ee We know, since R! is an accepting run of aa 
? ’ <x,s> Seg o> 


Q 
that a €[Q']. So by Lemma 9, @E[Q,e], so we [OQ]. 


By the above paragraph and Lemma 7, we can finally conclude 
k 
that for <x,s>€H, there exists a well-formed accepting run of mn? on 
S 
tH g> Denote it by Ree a>" 


k 
n2 
We now proceed to construct R, a well-formed run of Mj; ont. 


We first define a total ordering, Sy on H as follows: Let <x,s>€H 


and ay eRe 


; then we put <y,wS<x,s> if 6@<6&, or if B=5 and 
<y,u> < <x,s> where < is a fixed well-ordering of TXS as in Section 
3. Clearly Br is a well-ordering of H. Denote by t the obvious strict 
well-ordering determined by a It is important to note that if 
<y,u> Ces then <y,u> XS, <x,s>. 

At the same time as we define R we will define a function 
£:(<A, 1} UC (T-{A}) x (mn2*}) 4H. As before, we carry along the 
following induction hypothesis: If R(x) is defined and 1< £< length(R(x)), 
then f(x,4) is defined; if f(x,£)=<y,u> and Py (R(x, £))=s, then 

a) ySx and 

b) if y=x then u=s_ and 


Z : 
c) x,s>¢ Be coals 


&2 


@>. Let f(A,1l)=-<A,s.>. Clearly the above 


Let R(A)=e<s 0 


Or 


hypothesis holds so far. 
Assume now that R(x) and f£ have been defined so that the above 
hypothesis holds. For £, 1s £ length(R(x)), define 


jaeoine py Ch Gx, £) =x 
g(x, £)= 
Lift p,(£(x, £)) Ax 


k 
Let ©€ {0,1}. Define R(x*o) to be of length nmn2” such that for all q, 


Ic ; : Q 
lsq<mn2., Pp, (ROse,q))=s, where isthe greatest integer less than aac 
e n2 

and such that Po (R(x*S,q))= 


(£| £(«,£) is defined and g(x, £) CP Rece gy OD))). 
We now define f. Let s=p,(KQx"e,q)). Tf <x*o,s>¥H, define 


f (x¢0,q)=minimem (£(x, £)]£€ py (R(xro,q))}. Tf <x*o,s>CH, define 
under 


£(x*0,q)=minimem ({ <x*0,s>} Ul£(x,4)| £6 po(R(x*o,q))}). Clearly 
under ar 


a) aud b) are preserved. To see that c) is true at x*oO, observe 


that if <x*to,s> CH then <x*o;s>€H and <x, 87S F(x°0,q), 


f£(x*O,q) 
contradicting the definition of f(x*s,q). 
k 
ean2 
This completes the definition of R and f. That RE Rn( Met ,t) 


follows exactly as in the previous section. It remains to show that R 


is accepting. So let T©T be a path, T={x,,x where K, <x, for al] 
p € } > O# 1 


penne) i+] 


i€w. Let Farts . . bea thread of (RIT), Now for all i€u, 


£¢ 


x A cone = £.). So, since ~_ well-orders H -e exists an 
ch? it? oy (S55 i) o, since i ell-orders H, there ex Ss an 
i such that ji implies that ERs ha) ECGs Therefore the proof 


that R is accepting is identical to that in Case 2) at the end of 


Section 3. ig 
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Proof of Theorem 3: 


AOk+T) 
eee 
Notation: For k a nonnegative integer, let n(k)=2 . Note that 


+1 
a i ae): 
Let our induction hypothesis at stage at stage K be that if 


ata . 


ULis a pairs-autowaton of order K, then D(t1) STC 
The hypothesis is’ true at K=0 by Theorem 4, Assume it is true 
for K=k. We wish to show it for K=k+1l. By Theorem 5, ifs isa 
a ; ‘ Leer k) 7 
pairs-automaton of order k+l-empty, then DCG )STCI, ’). Therefore, 


kL 
by Theorem 6, if Ct is of order k+1, peo orcas Le 


This together with Lemma 6 completes the proof. jp 
g i Pp a) 


he 
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